We show that model states of fractional quantum Hall fluids at all experimentally detected plateau can be uniquely determined by imposing translational invariance with a particular scheme of Hilbert space truncation motivated from physical local measurements. The scheme allows us to identify filling factors, topological shifts and pairing/clustering of topological quantum fluids unambiguously in a universal way without resorting to microscopic Hamiltonians. This prompts us to propose the notion of emergent commensurability as a fundamental property for at least most of the known FQH states, which allows us to predict if a particular FQH state conforming to a set of paradigms can be realised in principle. We also discuss the implications of certain missing states proposed from other phenomenological approaches, and suggest that the physics of fractional quantum Hall physics could fundamentally arise from the algebra of the Hilbert space in a single Landau level. A large number of fractional quantum Hall (FQH) states with distinct topological orders have been observed experimentally and proposed theoretically, ever since the surprising discovery of the quantised Hall conductivity at 1/3 filling factor [1, 2] . The physics of the FQH effect is mainly derived from the formation of an incompressible quantum fluid with a charge excitation gap, which could be realised at specific rational filling factors when a two-dimensional electron gas system is subject to a perpendicular magnetic field. We now understand that both Abelian and non-Abelian FQH states are likely observed in the experiments [1, 3] . In addition to the single component FQH states (e.g. the Read-Rezayi series [4, 5] ), there can also be multi-component or hierarchical states from the coexistence of more than one type of quantum fluids in a strongly correlated manner [6, 7] .
We show that model states of fractional quantum Hall fluids at all experimentally detected plateau can be uniquely determined by imposing translational invariance with a particular scheme of Hilbert space truncation motivated from physical local measurements. The scheme allows us to identify filling factors, topological shifts and pairing/clustering of topological quantum fluids unambiguously in a universal way without resorting to microscopic Hamiltonians. This prompts us to propose the notion of emergent commensurability as a fundamental property for at least most of the known FQH states, which allows us to predict if a particular FQH state conforming to a set of paradigms can be realised in principle. We also discuss the implications of certain missing states proposed from other phenomenological approaches, and suggest that the physics of fractional quantum Hall physics could fundamentally arise from the algebra of the Hilbert space in a single Landau level. A large number of fractional quantum Hall (FQH) states with distinct topological orders have been observed experimentally and proposed theoretically, ever since the surprising discovery of the quantised Hall conductivity at 1/3 filling factor [1, 2] . The physics of the FQH effect is mainly derived from the formation of an incompressible quantum fluid with a charge excitation gap, which could be realised at specific rational filling factors when a two-dimensional electron gas system is subject to a perpendicular magnetic field. We now understand that both Abelian and non-Abelian FQH states are likely observed in the experiments [1, 3] . In addition to the single component FQH states (e.g. the Read-Rezayi series [4, 5] ), there can also be multi-component or hierarchical states from the coexistence of more than one type of quantum fluids in a strongly correlated manner [6, 7] .
There has been much development in the microscopic theories of the FQH effect since the first proposition of the Laughlin wavefunctions [2] and later on, the model Hamiltonians [8] . One major approach is the phenomenological formation of "composite fermions" (CF) with flux attachment [7] , and the parton construction inspired from it [9, 10] . It leads to systematic construction of microscopic wavefunctions for almost all observed and proposed FQH states [11] . Another major approach is to exploit the rich algebraic structures of many-body wavefunctions in a single Landau level (LL) on genus 1 geometries (e.g. sphere or disk), leading to very efficient constructions of microscopic model wavefunctions with the Jack polynomial formalism [12] [13] [14] [15] . The method is particularly useful for the Read-Rezayi (RR) series including the coveted non-Abelian states, revealing the particle clustering properties of topological quantum fluids in an intuitive manner. The Jack polynomial formalism and related techniques are also closely linked to the wavefunction constructions from parafermion correlators in conformal field theory (CFT) [4, 5] , and in contrast to the CF approach, in many cases model projection Hamiltonians can be found [16] , of which the constructed wavefunctions are unique zero energy ground states.
From a theoretical point of view, we can characterise the FQH states with the following expression:
where the system size is given by the number of fluxes N φ and the number of electrons N e . In the thermodynamic limit when both N φ , N e → ∞, the filling factor is given by ν = p/q, while S e , S φ are topological shifts for the electrons and fluxes [17, 18] [20] and clustering properties [12] .
We start by proposing three general principles for incompressible FQH states:
P1
The quantum Hall fluid is described by a unique highest density ground state that is translationally invariant;
P2
The minimal model ground state lives in a truncated Hilbert space;
P3
The unique, translationally invariant and minimal model ground state should exist for any valid system sizes.
These three principles are treated as assumptions throughout this work. In P1 translational invariance is needed so there are no gapless Goldstone modes, and we need the ground state to be of the highest density for it to be incompressible. If such a ground state is not unique, it generally also indicates gapless excitations [21] , since the degeneracy could be split by small perturbations [22] . The assumption in P3 is straightforward, that Eq.(1) is valid for any allowed finite systems, and is not just valid in some asymptotic limit.
The assumption in P2 is more subtle. Topologically, microscopic model wavefunctions such as the Laughlin or Jain states are special not physically but because of their technical tractability. Here we define the "minimal" model state to be the state that captures all the ground state topological properties of the topological phase, but made from the smallest possible set of basis, out of all basis permissible by quantum numbers (e.g. momentum) in the Hilbert space. We make a stronger claim here that all FQH states should have a minimal model ground state with the truncation of part of the permissible Hilbert space. The RR series are explicit examples where part of the translationally invariant Hilbert space in a single LL is truncated, as manifested by their entanglement spectrum [23] . The integer quantum Hall effect also fits in this paradigm: while the permissible Hilbert space includes all Landau levels, the minimal model ground state is the Vandermonde of lowest filled LLs with all higher LLs truncated.
We now show how "commensurability" of FQH systems arises from these three principles, particularly with the important roles played by translational invariance and Hilbert space truncation. We use spherical geometry, so translational invariance is equivalent to rotational invariance, and take the model wavefunction of the Laughlin state at filling factor ν = 1/3 as a simple illustration. We emphasise the Hilbert space truncation here is more general and less restrictive than the removal of unsqueezed basis in the Jack polynomial formalism [12] . The Laughlin state in the second quantised form is a Fermionic Jack polynomial with the root configuration given by 100100100 · · · 1001, where · · · represents the repeated patterns of "100". All components of the Laughlin wavefunction in the occupation basis are "squeezed" from the root configuration. An important property of the wavefunction, valid for any system size, is that a measurement of the leftmost two orbitals at the north pole will never detect more than one particle. Indeed, the reduced density matrix of the Laughlin state restricted to the leftmost two orbitals only contain three basis: 00, 10, 01; the missing basis of 11 is because of the "squeezing rule" of the Jack polynomial. We state here the key observation based on rigorous numerical evidence: if we start with the full Hilbert space containing all basis squeezed and unsqueezed from the root configuration, and truncate away basis that contain two particles in the leftmost two orbitals, we are left with far more basis than the squeezed basis needed for the Laughlin state. However, when we choose p = 1, q = 3, S e = 0, S φ = 2 in Eq. (1), there is a unique rotationally invariant L = 0 state, obtained from diagonalising the total angular momentum L 2 operator on the sphere in the truncated Hilbert space: coefficients of all remaining unsqueezed basis are forced to be zero by rotational invariance (see Fig.(1) ).
We now set up a formal procedure for more general cases. Starting with a quantum Hall fluid on an infinite plane or a finite sphere, we define a set of conditions denoted as S C , with each element indexed by a triplet of non-negative integersn = {n, n e , n h }, n ≥ n e and n ≥ n h . We use l B to denote the magnetic length, so each magnetic flux occupies an area of 2πl 2 B . A condition Cn ∈ S C physically dictates that for a measurement over any circular droplet containing n fluxes [28] , no more than n e particles and n h holes can be detected. Thus Cn acts as a constraint on the type of basis in the quantum Hall fluid that may have non-zero coefficients. If n = n e = n h , there is no constraint if the underlying particles are Fermions in a single LL. We conjecture the topological nature of the FQHE is completely determined by one or a combination of conditions enforcing local exclusion constraints (LECs), leading to the selective truncation of the Hilbert space within a single LL. In general, more basis coefficients will vanish after imposing translational invariance. The incompressibility of the FQH fluids originates from the finite energy cost of breaking such exclusion constraints, physically enforced by renormalised Coulomb interactions in various experimental conditions.
For actual implementations, we look at the Hilbert space of total spin L z = 0 on the sphere [6] , denoted by H N φ ,Ne , indexed by the number of fluxes and electrons. We also defineHn N φ ,Ne to be the truncated Hilbert space from H N φ ,Ne where all basis not satisfying the constraint of Cn are removed, andNn N φ ,Ne to be the number of L = 0 states inHn N φ ,Ne . Here is one of the main statements of this work: some Cn has a one-to-one correspondence to a combination of [p, q, S e , S φ ] satisfying the following properties:
for all values of N e subject to the condition that N e +S e = kp, k ≥ 2. In particular,n = {n, n, n} corresponds to the integer quantum Hall effect. This result is computationally checked for all numerically accessible system sizes. It is interesting that the filling factor, topological shifts and particle clustering of the FQH state can be unambiguously determined by specifying Cn and the requirement of translational invariance. The basis expansion of the minimal model ground state can also be obtained as the unique L = 0 ground state of L 2 operator in the truncated Hilbert space, and Eq.(3) can be interpreted as the requirement for the state to be gapped and incompressible. A few FQH states and their correspondingn are listed in Table. (I). In particular, eachn = {n, 1, n} gives the usual Laughlin state at ν = 1/ (2n − 1), and eacĥ n = {n, n − 1, n} gives the Z 3 parafermion (the RR series) states [5] at ν = (n − 1) / (n + 1). States fromn = {n, m, n} andn = {kn, km, kn} have the same filling factor but different shifts. For example,n = {4, 2, 4} gives the Haffnian state [16] at ν = 2/6, S h = 4. There is also the general relationship thatn = {n, m, n} corresponds to the incompressible FQH state at ν = m/ (2n − m) and S e = 0, S φ = 2 (n − m).
All filling factors with the corresponding shifts proposed in [16] (except for the states at filling factors ν = 2/5, 2/9, which we will discuss later) can be included in Table. (I). Even in cases where projection Hamiltonians cannot uniquely determine the zero energy ground states, our scheme can lead to a unique model ground state at corresponding ν and S φ with transparent physical interpretations. For example using the Hamiltonian notations in Ref. [16] , the zero energy eigenstates of P 5 4 are not unique at filling factor ν = 3/7, yet a unique state can be obtained that corresponds ton = {5, 3, 5}, requiring no detection of more than three particles from a measurement in a circular droplet containing five fluxes. It is also worth mentioning that every state in Table. (I) has its particle-hole (PH) conjugate state. They can all be uniquely determined by imposing a single condition ofn = {n, n, m}. Naturally for the PH conjugate states, the condition of "highest density" is referring to the density of "holes". Thus in Eq. (3) [24] , the state at ν = 2/9 (unique zero energy state of P 9 3 ), and some of the filling factors where the Jain or hierarchical series are expected to occur (e.g. at ν = 4/9). Indeed, since a single Cn withn = {n, m, n} corresponds to the filling factor of ν = p/q = m/ (2n − m), we require p and q to be both even or odd. We now proceed to show that a number of states can also be realised when the L z = 0 Hilbert space is truncated by more than one Cn.
Explicit numerical computation shows the Gaffnian state at ν = 2/5 with S e = 0, S φ = 3 is a unique translationally invariant state when either Cn 1={2,1,2} or Cn 2 ={5,2,5} is satisfied by the L z = 0 basis. We denote such LECs on the Hilbert space by S or n1n2 . This implies that either a). a measurement of a circular droplet of 2 fluxes can at most detect one particle, or b). a measurement of a circular droplet of 5 fluxes can at most detect two particles. Intuitively, this is reminiscent of the hierarchical construction [6, 25] or the CF picture for the ν = 2/5 state [7, 8] . Condition a) is the same as the Laughlin state at ν = 1/3, induced effectively by a finite energy gap when C {2,1,2} is violated. However at ν = 2/5 the violation of a) is allowed as long as there is another effective energy gap for C {5,2,5} . It is tempting to associate the former with the creation of quasiparticles, while the latter with the incompressibility of the quantum fluid formed by the quasiparticles themselves.
It is important to note, however, the Gaffnian state is the only translationally invariant highest density state determined by any S or n1n2 . We discuss about its relationship with the Jain state at ν = 2/5 in the Supplementary materials. We have also scanned through all possible combinations of two Cn's, and no states at ν = 2/9, 4/9 can be uniquely determined with S or n1n2 . However, such unique states can be determined by a single condition withn = {8, 8, 7} and {7, 7, 5} respectively, which are particle-hole conjugate of the ν = 7/9, 5/9 states in Table.(I). Another interesting finding is that there is an incompressible state at ν = 3/7 and S φ = 4 corresponding to S or n1n2 withn 1 = {2, 1, 2},n 2 = {6, 3, 6}, which is a competing state at the same [p, q, S e , S φ ] to the one corresponding to a single condition withn = {5, 3, 5} (see Table. (I)). The overlap of these two states quickly goes to zero as we increase the system size, suggesting they belong to two different topological phases.
To better understand the difference between the two states at ν = 3/7 obtained from qualitatively different LECs, we use topological entanglement spectrum (ES) [23] to analyse these many-body states. One should note that our model states are explicitly constructed from a truncated Hilbert space within a single LL, thus only the topological part of ES will be present. It is quite interesting to see from Fig.(2) that even though the two ν = 3/7 states have an overlap of 0.02, their ES have the exact same counting. However the state from S or n1n2 apparently has multiple low-lying branches, while the state fromn = {5, 3, 5} only has a single one. Multiple low lying branches also appear from the Gaffnian state, which similarly requires two conditions to be determined uniquely. In contrast, the Haffnian state (or any other states) from a single condition only has one low-lying branch in its ES (see Fig.(2) ). This could be another interesting physical interpretation of the roles played by Cn, which warrants further studies. The subsystem is always chosen to be the one for which the reduced density matrix has the highest dimension.
Conclusions -We proposed three general principles for the FQH states, with the interpretation that the incompressibility of the FQH states arises from translational invariance and LECs defined by a set of conditions Cn. We conjecture the three principles are the necessary and defining characteristics of the incompressible FQH states, and can be realised only when realistic microscopic Hamiltonians happen to establish a finite energy gap in the thermodynamic limit when one (or a collection) of Cn are violated. Regarding the absence of microscopic Hamiltonians in this picture, one should note that the complexity of the model Hamiltonians (e.g. involving many-body interactions) does not a priori imply the corresponding FQH state is hard to realise in experiments. For example, the mode Hamiltonian for the Moore-Read state is three-body, but the state can be stabilised by realistic two-body interactions, and is easier to realise in experiments than many Laughlin states with two-body model Hamiltonians.
Based on those three principles, we formulated an algorithm to determine an intrinsic commensurability condition between the number of particles and number of fluxes on genus 1 geometry. The commensurability condition uniquely determines the filling factor, topological shift and pairing/clustering properties of potential FQH fluids that can be realised in principle. The algorithm also allows efficient construction of model ground states of these FQH fluids by diagonalising a two-body operator in a truncated Hilbert space.
It is tempting to speculate that the three principles could be universal for all possible FQH states. In particular, it implies different FQH phases can be unambiguously classified by LECs, related to specific physical measurements. It also implies the truncation of permissible Hilbert space could be characteristic of the topological nature of the FQH states. Not only is this manifested by the missing of generic states from the entanglement spectrums of the model ground states, it is also a unifying description for both the integer and fractional quantum Hall effect. This is because the integer quantum Hall effect is uniquely defined by translational invariance and the truncation of basis from higher LLs.
Nevertheless, our scheme cannot account for a number of FQH states proposed in the literature. For example, while the Jain states at ν = 2/5 and ν = 3/7 can be obtained explicitly, some Jain or hierarchical states are missing; at those filling factors, incompressible states with different topological natures are obtained with our schemes. One possibility could be indeed that the missing states do not really exist due to the Hilbert space constraints of a single LL, but much study is needed to ascertain that. The other possibility is that the three principles do not explain all the FQH that can be realised, but only part of them. It is then still very useful to understand, for example, for the Jain state at ν = 4/9, or other states from parton constructions, which one or more of P1∼P3 do not apply.
Supplemental Online
In this supplementary material we include some detailed examples on how the filling factors, topological shifts and particle clustering can be unambiguously determined by imposing translational invariance on the Hilbert space truncated by one or more conditions we defined in the main text. We also discuss about the Jain states in the context of the three principles we proposed in the main text, which could be interesting topics for further research. We illustrate in details how a single condition, or two conditions, can be used to unambiguously determine the filling factor ν = p/q and the topological shifts S e , S φ of a potential FQH states. As a first example, we take a single condition Cn withn = {4, 3, 4}, so that any measurement of a circular droplet of four fluxes on a translationally invariant quantum fluid will not detect more than three electrons. The task is to scan over all possible combinations of N e , the number of electrons, and N φ , the number of fluxes, and to look for patterns. The empirical rule of thumb is that forn = {n, m, n}, the pattern emerges when the minimal number of electrons N e = 2m. In this case, it starts with N e = 6.
S1. EXAMPLES OF CORRESPONDENCE BETWEEN
It is obvious that N φ ≥ N e = 6 for FQH effects. On the sphere, for each value of N φ , the L z = 0 sub-Hilbert space, denoted as H N φ ,6 , can be easily constructed. For example with N φ = 10, all basis are squeezed from the dominant root configuration 1110000111. We now start to remove from H N φ ,6 all basis that contain more than three particles in the leftmost four orbitals. It turns out for N e = 6, no basis are removed for N φ > 6, and we haveH 
In generalN
increases with N φ , though not monotonically.
The same procedure can be done with N e = 7, 8, we will not record the results here to avoid clutter. The interesting results are from N e = 9, note in this casē H
{4,3,4}
N φ ≥,9 ∈ H N φ ≥,9 , and for each N φ , the constraint of C {4,3,4} will truncate away some basis in the L z = 0 sub-Hilbert space. The number of rotationally invariant states in the truncated Hilbert space for each N φ is given as follows: 
We can thus clearly see the pattern that for the set of values [p, q, S e , S φ ] = [3, 5, 0, 2], the following commensurability condition is satisfied:
with N e = 3k and k ≥ 2. Moreover, the unique rotationally invariant state in the Hilbert space ofH
is the Read-Rezayi state at ν = 3/5, a Fermionic Jack polynomial with root configuration of 1110011100 · · · 11100111, or the famous Fibonacci state. We have numerically checked such to be the case up to 18 particles.
As another example, we look for [p, q, S e , S φ ] corresponding to S or n1,n2 , withn 1 = {2, 1, 2},n 2 = {6, 3, 6}.
Using N e = 9, N φ = 17 as an example, the entire L z = 0 sub-Hilbert space is squeezed from 11110000100001111; among all the squeezed basis, if the leftmost two orbitals contain zero or one particles (e.g. 00001111110000 or 10000111100001), these basis will be kept. If the leftmost two orbitals contain two particles, but the leftmost six orbitals contain no more than three particles (e.g. 111000011100000111), such basis will also be kept. If both conditions are violated (e.g. 11110000100001111), such basis will be truncated. For notational convenience we denoted truncated Hilbert space asHn 
With N e = 9 we have the following: 
Thus for S or n1,n2 withn 1 = {2, 1, 2},n 2 = {6, 3, 6}, the corresponding commensurability condition is as follows: to N e = 15. This is the minimal model state for the Jain state at ν = 3/7. In both two examples above, we have p = 3 so the model states only exist when N e is divisible by 3, indicating its non-Abelian or multicomponent nature. For the Laughlin states, we have p = 1, and the Moore Read state gives p = 2, as can be obtained with the same procedure described in this section.
S2. THE JAIN STATES FROM COMPOSITE FERMION PICTURE
In this section we give a brief discussion on the interesting questions arising from the compatibility and incongruity between the commensurability conditions and the composite fermion construction. A more detailed analysis will be presented elsewhere. The simplest Jain state occurs at [p, q, S e , S φ ] = [2, 5, 0, 3] with ν = 2/5 and topological shift S φ = 3. In the paradigm of composite fermions, the state can be interpreted as the integer quantum Hall effect of composite fermions made of one electron and two fluxes, when the lowest two "Landau levels" are completely filled by these composite fermions.
The trial wavefunction of the Jain state at ν = 2/5 is obtained by projecting the integer quantum Hall wavefunction of composite fermions (containing basis in higher LLs) into the lowest Landau level. It is also worth pointing out that the ν = 2/5 state with S φ = 3 can also be understood as a hierarchical state, where the quasielelctrons of the Laughlin state at ν = 1/3 form its own incompressible state. In both pictures, the state is spin polarised, Abelian and multicomponent. The two phenomenological pictures are physically distinct, yet the trial wavefunctions obtained seems to represent the same S3 topological phase, possibly suggesting more fundamental elements not reflected by these two phenomenological pictures.
In our commensurability scheme, no single Cn leads to the commensurability condition of [p, q, S e , S φ ] = [2, 5, 0, 3] . We have also scanned over the combination of two or three conditions, and only S
